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JACOB’S LADDERS AND THE SET OF ELEMENTARY
META-FUNCTIONAL EQUATIONS GIVING NEW KIND OF
INTERACTIONS OF ζpsq WITH ITSELF
JAN MOSER
Abstract. In this paper we obtain the set of grafts from some set of 12 ele-
mentary functions on 12 critical strips. We make use this directly for grafting
of elements of the corresponding set of ζ-factorization formulas. This proce-
dure gives the set of elementary meta-functional equations that represents the
set of elementary interactions of the Riemann’s zeta-function with itself.
1. Introduction
1.1. Let us recall that the proof of meta-functional equation given in [9] is based:
(a) on new notions and methods in the theory of Riemann’s zeta-function we
have introduced in our series of 50 papers concerning Jacob’s ladders, these
can be found an arXiv [math.CA] starting with the paper [1],
(b) on the classical H. Bohr’s theorem in analysis (1914) concerning infinite set
of roots of equation
(1.1) ζpsq “ a, a ­“ 0, a P C,
1
2
ă σ1 ă σ ă σ2 ă 1; s “ σ ` it,
(c) on our notion of grafting of complete hybrid formula (see [9]) that serves
for synthesis of conceptions (a) and (b).
1.2. In this paper we give another type of the proof. Namely, we make the following
operations on a given set of elementary functions:
(a) we construct corresponding set of ζ-factorization formulas according to our
algorithm from [4] and [5],
(b) we make grafting (see [9]) of every element of the set (a).
Remark 1. Corresponding set of elementary meta-functional equations is obtained
in result of above mentioned operations. All these formulas are, simultaneously,
synergetic ones, comp. [8].
1.3. We have obtained, for example:
(a) elementary meta-functional equation
|ζpwn6 q|
k6ź
r“1
|ζp1
2
` iα6,k6,nr q|
2
|ζp1
2
` iβk6,nr q|2
„
5
16
`
15
32
|ζpwn10q| `
3
16
|ζpwn11q| `
1
32
|ζpwn12q|, LÑ 8,
(1.2)
Key words and phrases. Riemann zeta-function.
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(b) more complicated meta-functional equation
2
#
|ζpwn6 q|
k6ź
r“1
|ζp1
2
` iα6,k6,nr q|
2
|ζp1
2
` iβk6,nr q|2
` |ζpwn7 q|
k7ź
r“1
|ζp1
2
` iα7,k7,nr q|
2
|ζp1
2
` iβk7,nr q|2
+
` 1 „
3
#
|ζpwn3 q|
k3ź
r“1
|ζp1
2
` iα3,k3,nr q|
2
|ζp1
2
` iβk3,nr q|2
` |ζpwn4 q|
k4ź
r“1
|ζp1
2
` iα4,k4,nr q|
2
|ζp1
2
` iβk4,nr q|2
+
, LÑ8
(1.3)
with notations according to those used in [9].
Remark 2. Formulae (1.2) and (1.3) are asymptotic forms of corresponding exact
formulae.
Remark 3. Let us note that new type result concerning interaction of the Riemann’s
zeta-functions with itself is expressed by any of two synergetic formulae (1.2) and
(1.3).
2. Set of ζ-factorization formulas
2.1. In this paper we use the following two sets of elementary functions
tf1ptq, . . . , f9ptqu “
“ tsin2 t, cos2 t, sin4 t, cos4 t, sin6 t, cos6 t, cos 2t, cos 4t, cos 6tu,
t P rpiL, piL` U s, L P N,
(2.1)
and
tf10ptq, f11ptq, f12ptqu “
"
sin 2U
2U
,
sin 4U
4U
,
sin 6U
6U
*
,
U P p0, pi{12q.
(2.2)
By making use our algorithm of generating ζ-factorization formulas (see [5], (3.1)
– (3.11), comp. [4]) on the set (2.1) we obtain the following.
Lemma.
(2.3) sin2 α1,k10
k1ź
r“1
Z˜2pα1,k1r q
Z˜2pβk1r q
“
1
2
´
1
2
sin 2U
2U
,
(2.4) cos2 α2,k20
k2ź
r“1
Z˜2pα2,k2r q
Z˜2pβk2r q
“
1
2
`
1
2
sin 2U
2U
,
(2.5) sin4 α3,k30
k3ź
r“1
Z˜2pα3,k3r q
Z˜2pβk3r q
“
3
8
´
sin 2U
4U
`
sin 4U
32U
,
(2.6) cos4 α4,k40
k4ź
r“1
Z˜2pα4,k4r q
Z˜2pβk4r q
“
3
8
`
sin 2U
4U
`
sin 4U
32U
,
(2.7) sin6 α5,k50
k5ź
r“1
Z˜2pα5,k5r q
Z˜2pβk5r q
“
5
16
´
15
64
sin 2U
U
`
3
64
sin 4U
U
´
1
192
sin 6U
U
,
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(2.8) cos6 α6,k60
k6ź
r“1
Z˜2pα6,k6r q
Z˜2pβk6r q
“
5
16
`
15
64
sin 2U
U
`
3
64
sin 4U
U
`
1
192
sin 6U
U
,
(2.9) cosp2α7,k70 q
k7ź
r“1
Z˜2pα7,k7r q
Z˜2pβk7r q
“
sin 2U
2U
,
(2.10) cosp4α8,k80 q
k8ź
r“1
Z˜2pα8,k8r q
Z˜2pβk8r q
“
sin 4U
4U
,
(2.11) cosp6α9,k90 q
k9ź
r“1
Z˜2pα9,k9r q
Z˜2pβk9r q
“
sin 6U
6U
,
@L ě L0 ą 0, 1 ď k1, . . . , k9 ď k0,
(here we fix arbitrary k0 P N), where
αl,klr “ αrpU, piL, kl, flq, r “ 0, 1, . . . , kl, l “ 1, . . . , 9,
βklr “ βrpU, piL, klq, r “ 1, . . . , kl,
α
l,kl
0 P ppiL, piL` Uq, α
l,kl
r , β
kl
r P p
rŇpiL, rŔpiL ` Uq,
r “ 1, . . . , kl,
(2.12)
and
p
rŇpiL, rŔpiL` Uq
is the r-th reverse iteration of the interval ppiL, piL ` Uq by means of the Jacob’s
ladder (see [3]) and
(2.13) Z˜2ptq “
|ζ
`
1
2
` it
˘
|2
ωptq
, sωptq “
"
1`O
ˆ
ln ln t
ln t
˙*
ln t,
(see [2], (6.1), (6.7), (7.7), (7.8) and (9.1)).
3. The set of corresponding grafts
3.1. We insert into the basic strip
pσ1, σ2q ˆ p0,`8q,
1
2
ă σ1 ă σ2 ă 1
the following twelve strips
(3.1) Sl
σl
0
,δ
“ pσl0 ´ δ, σ
l
0 ` δq ˆ p0,`8q, l “ 1, . . . , 12,
where
(3.2)
1
2
ă σ1 ă σ
1
0 ă σ
2
0 ă ¨ ¨ ¨ ă σ
12
0 ă σ2 ă 1,
and
(3.3) σ1 ă σ
1
0 ´ δ, σ
12
0 ` δ ă σ2, σ
l
0 ` δ ă σ
l`1
0 ´ δ, l “ 1, . . . , 11
for suffciently small δ ą 0. Of course,
(3.4) Sk
σk
0
,δ
č
Sl
σl
0
,δ
“ H, k ­“ l, k, l “ 1, . . . , 12.
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3.2. Next, we choose arbitrary finite set (comp. (2.2))
(3.5) tUnu : 0 ă U1 ă U2 ă ¨ ¨ ¨ ă Un0 ă
pi
12
that fulfills the condition (for example)
(3.6) Un`1 ´ Un ą 10
´34, n “ 1, . . . , n0 ´ 1, U1,
pi
12
´ Un0 ą 10
´43.
Remark 4. Condition (3.6) corresponds with the point of view of Jakov Zeldovich
for using maths to study real-world phenomena. Namely, the choice done in (3.6)
follows from the fact that Planck’s length and Planck’s time have the following
values
Lp “ 8.1ˆ 10
´35cm, Tp “ 2.7ˆ 10
´43s.
Remark 5. Of course,
(3.7)
pi
12
: 10´43 ă 1043 ñ n0 “ n0pLq ď 10
43, LÑ8,
(see (3.5), (3.6)).
3.3. Let tUnu be some admissible set. We use the following notations (comp.
(2.12))
α
l,kl,n
0 “ α0pUn, piL, kl, flq, l “ 1, . . . , 9,
...
(3.8)
Since Un P p0, pi{12q, then (see (2.1), (2.2))
flpα
l,kl,n
0 q P p0, 1q, l “ 1, . . . , 9,
flpUnq P p0, 1q, l “ 10, 11, 12.
(3.9)
Now, we make use the classical H. Hohr’s theorem (1914) in the same way as it is
done in our paper [9], Section 4, in order to generate of the following infinite sets
(3.10) Wnl , l “ 1, . . . , 12, n “ 1, . . . , n0; W
n
l Ă S
l
σl
0
,δ
(comp. (3.1)) of the elements
(3.11) wnl PW
n
l
as follows (see (1.1), comp. [9])
|ζpwnl q| “ flpα
l,kl,n
0 q, l “ 1, . . . , 9,
|ζpwnl q| “ flpUnq, l “ 10, 11, 12,
n “ 1, . . . , n0,
(3.12)
where
wnl “ wlpUn, piL, kl, fl, σ
l
0 ´ δ, σ
l
0 ` δq, l “ 1, . . . , 9,
wnl “ wlpUn, piL, fl, σ
l
0 ´ δ, σ
l
0 ` δq, l “ 10, 11, 12,
(3.13)
for every fixed set of admissible parameters.
Remark 6. Corresponding set of grafts is defined by the equalities (3.12). Of course,
we choose only one element wnl from every infinite set to construct the set of grafts
(3.12).
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4. The set of elementary meta-functional equations
4.1. Now we make use the set of grafts (3.12) (see also (2.1), (2.2)) for graft-
ing of every one from the ζ-factorization formulas (2.3) – (2.11), i.e. we use the
substitutions (3.12) in (2.3) – (2.11). This procedure gives the following.
Theorem. For every fixed and admissible set of parameters
Un, piL, kl, fl, σ
l
0, δ,
n “ 1, . . . , n0, l “ 1, . . . , 12, L ě L0, 1 ď kl ď k0
there is the set of following elementary meta-functional equations (exact forms):
(4.1) |ζpwn1 q|
k1ź
r“1
Z˜2pα1,k1,nr q
Z˜2pβk1,nr q
“
1
2
´
1
2
|ζpwn10q|,
(4.2) |ζpwn2 q|
k2ź
r“1
Z˜2pα2,k2,nr q
Z˜2pβk2,nr q
“
1
2
`
1
2
|ζpwn10q|,
(4.3) |ζpwn3 q|
k3ź
r“1
Z˜2pα3,k3,nr q
Z˜2pβk3,nr q
“
3
8
´
1
2
|ζpwn10q| `
1
8
|ζpwn11q|,
(4.4) |ζpwn4 q|
k4ź
r“1
Z˜2pα4,k4,nr q
Z˜2pβk4,nr q
“
3
8
`
1
2
|ζpwn10q| `
1
8
|ζpwn11q|,
(4.5) |ζpwn5 q|
k5ź
r“1
Z˜2pα5,k5,nr q
Z˜2pβk5,nr q
“
5
16
´
15
32
|ζpwn10q| `
3
16
|ζpwn11q| ´
1
32
|ζpwn12q|,
(4.6) |ζpwn6 q|
k6ź
r“1
Z˜2pα6,k6,nr q
Z˜2pβk6,nr q
“
5
16
`
15
32
|ζpwn10q| `
3
16
|ζpwn11q| `
1
32
|ζpwn12q|,
(4.7) |ζpwn7 q|
k7ź
r“1
Z˜2pα7,k7,nr q
Z˜2pβk7,nr q
“ |ζpwn10q|,
(4.8) |ζpwn8 q|
k8ź
r“1
Z˜2pα8,k8,nr q
Z˜2pβk8,nr q
“ |ζpwn11q|,
(4.9) |ζpwn9 q|
k9ź
r“1
Z˜2pα9,k9,nr q
Z˜2pβk9,nr q
“ |ζpwn12q|.
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4.2. By making use of (2.13) (comp. [8], subsection 8.2) we obtain from our
Theorem the following asymptotic forms of meta-functional equations (4.1) – (4.9).
Corollary 1.
(4.10) |ζpwn1 q|
k1ź
r“1
|ζp1
2
` iα1,k1,nr q|
2
|ζp1
2
` iβk1,nr q|2
„
1
2
´
1
2
|ζpwn10q|,
(4.11) |ζpwn2 q|
k2ź
r“1
|ζp1
2
` iα2,k2,nr q|
2
|ζp1
2
` iβk2,nr q|2
„
1
2
`
1
2
|ζpwn10q|,
(4.12) |ζpwn3 q|
k3ź
r“1
|ζp1
2
` iα3,k3,nr q|
2
|ζp1
2
` iβk3,nr q|2
„
3
8
´
1
2
|ζpwn10q| `
1
8
|ζpwn11q|,
(4.13) |ζpwn4 q|
k4ź
r“1
|ζp1
2
` iα4,k4,nr q|
2
|ζp1
2
` iβk4,nr q|2
„
3
8
`
1
2
|ζpwn10q| `
1
8
|ζpwn11q|,
(4.14) |ζpwn5 q|
k5ź
r“1
|ζp1
2
` iα5,k5,nr q|
2
|ζp1
2
` iβk5,nr q|2
„
5
16
´
15
32
|ζpwn10q|`
3
16
|ζpwn11q|´
1
32
|ζpwn12q|,
(4.15) |ζpwn6 q|
k6ź
r“1
|ζp1
2
` iα6,k6,nr q|
2
|ζp1
2
` iβk6,nr q|2
„
5
16
`
15
32
|ζpwn10q|`
3
16
|ζpwn11q|`
1
32
|ζpwn12q|,
(4.16) |ζpwn7 q|
k7ź
r“1
|ζp1
2
` iα7,k7,nr q|
2
|ζp1
2
` iβk7,nr q|2
„ |ζpwn10q|,
(4.17) |ζpwn8 q|
k8ź
r“1
|ζp1
2
` iα8,k8,nr q|
2
|ζp1
2
` iβk8,nr q|2
„ |ζpwn11q|,
(4.18) |ζpwn9 q|
k9ź
r“1
|ζp1
2
` iα9,k9,nr q|
2
|ζp1
2
` iβk9,nr q|2
„ |ζpwn12q|,
for LÑ8.
4.3. Now, we give some remarks.
Remark 7. Let us notice the following:
(a) formulae (4.1) – (4.9) as well as formulae (4.10) – (4.18) are synergetic ones,
see our interpretation given in [8],
(b) the set of results of elementary interactions of the Riemann’s zeta-function
(4.19) ζpsq, s “ σ ` it,
1
2
ď σ ă 1
with itself is defined by the set of formulae (4.10) – (4.18) (with respect
to the sets of functions (2.1) and (2.2)); that means results of interactions
between the set
(4.20)
#ˇˇˇˇ
ζ
ˆ
1
2
` it
˙ˇˇˇˇ2+
, t ď L0
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and certain number of the following 12 sets
(4.21) t|ζpsq|u, s P Sl
σl
0
,δ
, l “ 1, . . . , 12,
(c) (4.15) gives, for example, the result of interactions of basic function (4.19)
with itself, namely, the result of the type#ˇˇˇ
ˇζ ˆ12 ` it
˙ˇˇˇˇ2
+
, t ď L0, t|ζpsq|u, s P S
l
σl
0
,δ
, l “ 9, 10, 11, 12.
Let us call the set of these interactions as the ζ-chemical reactions of the substances
(4.20) and (4.21). This is then some analogue to what we have based on the classical
Belousov-Zhabotinski chemical reaction, see [8].
Remark 8. The set of elementary meta-functional equations (4.10) – (4.18), as well
as (4.1) – (4.9), is the result (=set of ζ-chemical compounds) of the corresponding
nine types of ζ-chemical reactions on the set of 13 substances (4.20), (4.21).
5. Examples of more complicated meta-functional equations
5.1. Here, we demonstrate the crossbreeding, see [6] – [8], on the subset (4.3) –
(4.6) of meta-functional equations as an example. Crossbreeding in this case means
making use of Gauss’ type elementary operations on this subset. namely, the first
stage of the crossbreeding gives the following formulae:
p4.3q ` p4.4q ñ
|ζpwn3 q||
k3ź
r“1
Z˜2pα3,k3,nr q
Z˜2pβk3,nr q
` |ζpwn4 q||
k4ź
r“1
Z˜2pα4,k4,nr q
Z˜2pβk4,nr q
“
3
4
`
1
4
|ζpwn11q|,
(5.1)
p4.5q ` p4.6q ñ
|ζpwn5 q||
k5ź
r“1
Z˜2pα5,k5,nr q
Z˜2pβk5,nr q
` |ζpwn6 q||
k6ź
r“1
Z˜2pα6,k6,nr q
Z˜2pβk6,nr q
“
5
8
`
3
8
|ζpwn11q|,
(5.2)
and elimination of |ζpwn11q| from (5.1) and (5.2) represents the second stage. This
gives the following.
Corollary 2.
2
#
|ζpwn5 q||
k5ź
r“1
Z˜2pα5,k5,nr q
Z˜2pβk5,nr q
` |ζpwn6 q||
k6ź
r“1
Z˜2pα6,k6,nr q
Z˜2pβk6,nr q
+
` 1 “
3
#
|ζpwn3 q||
k3ź
r“1
Z˜2pα3,k3,nr q
Z˜2pβk3,nr q
` |ζpwn4 q||
k4ź
r“1
Z˜2pα4,k4,nr q
Z˜2pβk4,nr q
+
.
(5.3)
5.2. Secondary crossbreeding of the meta-functional equation (5.3), for example,
is the full analogue of the secondary crossbreeding on the class of corresponding
complete hybrid formulas, see [8]. First, (4.1) + (4.2) gives in the case
k1 “ k2 “ k, 1 ď k ď k0
the result
(5.4) |ζpwn1 q|
kź
r“1
Z˜2pα1,k,nr q ` |ζpw
n
2 q|
kź
r“1
Z˜2pα2,k,nr q “
kź
r“1
Z˜2pβk,nr q.
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Second, we substitute (5.4) into (5.3) in the cases k “ k5, k6, k3, k4 and obtain the
following.
Corollary 3.
2
#
|ζpwn5 q|
śk5
r“1 Z˜
2pα5,k5,nr q
|ζpwn1 q|
śk5
r“1 Z˜
2pα1,k5,nr q ` |ζpwn2 q|
śk5
r“1 Z˜
2pα2,k5,nr q
`
`|ζpwn6 q|
śk6
r“1 Z˜
2pα6,k6,nr q
|ζpwn1 q|
śk6
r“1 Z˜
2pα1,k6,nr q ` |ζpwn2 q|
śk6
r“1 Z˜
2pα2,k6,nr q
+
` 1 “
3
#
|ζpwn3 q|
śk3
r“1 Z˜
2pα3,k3,nr q
|ζpwn1 q|
śk3
r“1 Z˜
2pα1,k3,nr q ` |ζpwn2 q|
śk3
r“1 Z˜
2pα2,k3,nr q
`
`|ζpwn4 q|
śk4
r“1 Z˜
2pα4,k4,nr q
|ζpwn1 q|
śk4
r“1 Z˜
2pα1,k4,nr q ` |ζpwn2 q|
śk4
r“1 Z˜
2pα2,k4,nr q
+
.
(5.5)
Remark 9. Of course, we obtain corresponding asymptotic formulae for (5.3), (5.5)
if we use asymptotic meta-functional equations (4.10) – (4.15) instead of (4.1) –
(4.6).
Remark 10. Now we see that (1.2)=(4.15) while (1.3) is the asymptotic form of
(5.3).
I would like to thank Michal Demetrian for his moral support of my study of
Jacob’s ladders.
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